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COf-linf? thftory d^sals with the eroblam* of cowunleatlon^-that 
of encor’lng an-? .^.sco'fin-' dligital information for reliable b Tinr:-".! 
through ea-nu^iication channela with noise* One wishes to trananit a 
message which consists of a finite seviuence of alphanumeric characters 
aut clue to in the co-r. mnication channel a given transmit 

character may be incorrectly receive-’ by the receiver# On® can re-'ttce 
the probability of error that a given tr ne'. itte'fl -r.-cter will 'be 
incorrectly receive'^ by the r'=ccjivor by various enco.iing and decodinq 
schfwaes# -the basic idea behlnr’ these encoding and decoding schfaite# is 
as follows# 

iSuonose that w@ wish to ferc-i-ii*; ‘it a sequence of binary digits 
aciross a noisy channel* Due to the presence of noise# a tr3n«lttod 
E«ro may be r- •■ c<'=1vg:‘’ «« one and viceversa. Although we are unable 
to prevent the channel from c.'iu'-in'; such errors# w® can ho'.7-iv<'ir reduce 
their undesirable effects with the use of various encoding and dacodii 
schemes# e*g*#lf a message of t-fiqitn Is to be tr one adds 
certain number# say r ©f check digits to the message digit# and trun!!?! 
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enco'ior trantmlts i3 caliisd a co<3c-word* As r check digits are 

d terminnd by the k-message digi .s# ther© will be 2 codeswa®rrta 

It 

The set co*’;^vi^ -ifi.; of these 2 codewords Is colled the code* 
The nUe which eeable es to deterndn© which of 2 codewords waa 
tran#!td.tted when aoy of the 2*^ binary n-tuple is received is 
called a 'Cl coding schesne* 

coding theory, in particular, has its origin in ‘Jihonnon* s 
{19<* i f«aous theorem which rratirentecs the existence of codes 
that can tr-".'*..;.'. nit information at rates close to capacity with 
vanishingly small "•3r'.?-’’"billty of error# In the past 33 years sJ 
.iron's paper, coding theory has progressed rather ri^.-ally 
through pcriodr of eiftpiric highs with discoveries of '•.roi'lsin'/ 
code classes, elegant decoding alyorlthms an-*! dismal lows when 
it was feared that coding approach would never rsov© beyond 
\iolay id] and b.?:? -’in.r l 3 codes* It now appears safe to 
say that coding i® maturing into an important segment of 
CO' -.tiO!; enginoprls", one that will see Incr'r.ininfj applic*. 

I 

of relatively standard t« 2 hniques to reduce systaoi cost and 

cors'-;lo:xity# 

In the three years immediately following r-hc*”:' .on^ s papari 
the highly leant work of 'jJolay l 6 3 and raifidng l 3 

was publirhc”’’* The construction? of their codes have had m 
'lasting in-riuoncc on coding theory* In most of this early worl 
the concept of pairty cheek eTUStions was pro Totriiiiant# The idei 
of viewing a code as a suJ^croup of the rbclicn group of 2® biw 
n—tuples cipp''=i'.;»rrt in the work of Slepian l 14 3« Moreover# Gol< 
i d 3 certainly reco. 'nixed the clrnl-ficxnc’- of vrorkinty over thi 
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Integers moriulo a prim®* ''-y 1961# the class of linear codes 
(also called group codes) was well w-s’:..: i'he work of 
c-leplan l 14 3 orovided a solid theoritical hase for the 
invest! jation of such codes* The cyclic codes was introduced 
by Prang® in 19«??* In the year (19*;9}# Hocquonghefrs# -Jose and 

t 4 J indopen lently obtained multiple error correcting 
codes for the binary case* 'ihese cades are known as i3o®e-*Chaudhu 
'loc-rucpchcm ( CHj codes* Ihe cyclic nature of .,;CH codes was firs 
shown by Peterson i 11 J* 

The discovery of efficient decoding algorlthras for aQl 
codes by Peterson i. 11 3# Oorenstein and /.ierler 1^3 and 
derlekamp C1966) has wiphasized the importance of these codes* 

The algorlthras associate each ooorr'inate place in a codeword with 
an element of a walois field# which reduces tho decoding oporati 
to solving a set of ecuations over a finite field* buch an 
operation requires considerably less computation than the word 
by word search for the codeword closest to the received word# 

An Insportant result that long ACH codes are bad was first 
established by bln and ‘'iolAjn ^r# l 10 j# in view of tho above 
result# in order to find very long# powerful# randcwi error 
correcting codes# one must look elsewhere* aut codes of 
fiiorterato length are rather powerful random error correcting 


oodes^ 



First on th® number of information • / * olr, in "-.CH 

codes came from rienrf 3 , Mann i 9 J* iiowever# h® proved his 
re^'Ults under a condition on the designer distance oi the cocfes* 

This was stu-''!:'"’’ in the foxT»j by ti@rleka!^ w 1 J* 

In 1972, 'T-rloh'ir-;^ t 2 j has proved that long primitive, binary 

••1 

’.iCtI codes have dist-'-nc© d 2nlnR /lopj*’ where a is th® 
infor^nation rat® and n is the block He also obtained 

the uoner and lower bounds on th© ■'•‘o.-'l ■ne--'’ and actual distances 
of any sequence of extended primitive .'CH codes of increasing 
length n and fixed rat® U, This has been gcrerclired to -iCH 
codes over any finite field in chapter ..‘ur main rer^wlt 1® 

'*3ong "ri^ltivo, -isarrow-sense •■iCH Codes Over GF(qi have . istance 
d rv/ qnlnyT^/log^n* * , 

Chapter 2, presents a brief account of results 

on finite fields, linear, cyclic and iCH codes, that are needed 
for the work done in the succeeding chapters, have also i 

discussed in brief the decoding procedure for linear codes, 

1 

An exaiiple of BGH codes is worked out in detail to make the concept; 
more clear. Chapter 3, present important results on the emaneratloi 
of Infonuation symbols In iCH cxjdes. In the end of cha®»t#r 4, we ! 
have given the .-jchieveiRants of this work. Certain related dir«etl<^ 
for -Tarthor stUKlies are su'-.gested, ' 


i A non e’BDfey sot F eriui-ooof.'? with two ..-tnarf opor.'itions 
usually called addition and multiplication (denoted by 4 - and * 
respect! volyi Is callofS a field if (li if, +i la an abelian group# 
{2i {F'^fo] t is an abelian group and C3> r*(b’-e) « a#J5 4 a*c 
for all a#ij#c i.’i im If '< is a riel'’ containing r as a sui;field 
then ;< is said to b® an f^itension of F# 'ilie prime "'r'."!*:*!-;' of K 
is the iriLcr."‘.-cttorj of all r.; 'l .1 ‘ - of K and h«nc® is the smallest 
s?f '.field of i \0 Prime sublield of a given field is either inomorphl 
to the field of ratloml numbers or integers n?odulo p wf'^^ere p 1» a 
prime. In the first case the characteristic of the field will e 
sero while p In the later case# 

bet F be a field* I’hen Fixj# the ring of all pol'r^ty'irlr 
over F in the variable X 1® a prinaioal ideal dcwaaln* If f ( .1) is 
an irreducible polyrorir.! in Fi.xj then there exist a araalleat 
extension K, iscmsoirp'hie to the .iur>ti.’at field Fix3/(f(x/i# of F 
which contains s »ero of f(X^* For any polynomial gCxjl# (g(x>) 
denotes the ideal in gan^^rota' by g(x)* If the irreducible 

polynomial f('4> is of degree n# then the degree of K over p(d®note<^ 
by lKsf]) is n» Inflxst if a is the z&fi of fCxi in question then 

IPleelL 

K *» FCaJi ajfitd the elements l#a#***#a form a basis for X over F 
as a vector space* 

A salols field is a finite field# i*ft*« a field having 
finit® number of elements* Any finite field with characteristic 
p has p” elements for «»!i® positive integer n and upto isomorphism 
there is only one field with elaaents# A finite field having 
n 0 ,% f« rtFti»n rf«in£st®d fav Gfiottm LJots^ero clrsT.or^tG of a 
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II 

^un^rator of th© cyclic group* 

2£ fixi Is an irreducible polynomial of degree n witb 
^oefctcients In 'ifFCpj ( ^ ?■ h then 3F(pHx}/(f (.U ) is a field 

m p 

having eleffBenta# la fact 

'-I'CpHxj/CfCx)) « |^rC.O + (£(x>^ * rtxid GF(p>iXj, decjrCx>< deg fi 

or r(«<) w o 


r(x/ 4- * r( y 


•fC2X 




# 


1 



rience upto ieomorphimn OF(;iKxi/(£(xj(i can be thought 
ae the aet GF(p/, 1 * l,2,***|,n| of 

^11 ij-'i ' ‘ »ith the algebraic operations induced by the 

ioo-'iorphlsui*, 

xjcais^le 1 » The Galois field of 27 « 3 eleroeota* l»et 
GfCs) •|"o#l#2j • Then f(x^ » x^iX^-^2X4l is an Irr^i^ucible 
IXalynomtal of degree 3 over JFti) and hence GF(3nxi/{£<x) > 
is a field having 27 *■ 3^ elesmsuts* If y is a root of fCat) 
t.hen f^’¥ y^ + 2y t 1 w o or y^ »» 2y^fy‘#"2* Thus the elements 
bf GFi27) are o#l<,y^y®t.* y^*^ 


where 



2 


I’lel^s i A non sot. l*’ • 2 ' with two -ifiairy o " tiors 

usually c 3 llo ;1 a <31tion and nmltiplic^^tion Cdonotttc; by 4- and • 
r®spectlvelyi is called a field if (1^ (•'# la an al’jelian group# 
{2i d-'^fo] • •/ is an abelian group and t3i v«,(b'-c) » a*b + a*c 


for all a»«>#c I 


n 


If K is a riald coiit-iiniii''j i' as a •Ti-^ld 


then *■' is said to b@ an f»it©n»ion of '*he prime subf iold of in 
Is the intersection of ail autoCioli's of K and hence is the smallest 
suhfield of x# Prime ? u’-"l.--l.r ot a given field is oith3r inomorphie 
to the fieli? of rational iiuv.h .rs or integers 'nodulo p where p i® a 
prime. In the first case the characteristic of the field will e 
7 ,ero while p In tho later case* 

hot F be a field, Then Fix], the ring of all polvr.o.;ti:\l!3 
over F in the x is a principal ideal If f t .ii is 

polynomial in Fux] then there exist a ssiallost 
extension X# isomorphic to th® quotient field of F 

which roit‘U.r. ft ®®ro of £(XU For any polynomial g(x), iq(xj) 
denotes the ideal in F^k] generated by glx)» If the ir ,■ -.••’uclbl •> 
pol’''*r.or>l"'l f ( ''i is of degree n» then the degree of K over Fi -‘'orsotc: 
by lK$f]j is n. Infect if a is the aer'. of f(X) in .-uoofcion then 
K • FimJ and the form a basis for .X over F 

as a vector space* 

A 3aloi8 field is a finite field* i*®** a field having 
finite number of elements. Any finite field with characteristic 
p has p” elaraonts for some positive integer n and upto iaoiiwrphism 
there is only on© field with p” mlmenta* A finite field having 

q el.2ff.«rts is often ^'"onoto."' by <JF(gK -"oncero elaienta of a 
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finite field form a cyclic group under multiplication# An element 
of the finite field is called a primitive alesitent if it is the 
generator of the cyclic group. 


If f(X> is an irreducible polynomial of degree n %dLth 
coefCicients in !^F(pi i ^ then 3F(pJi (-'4 > is a field 

having p” la fact 


.^l"(puxj/(f{xi) • |r(x) 4- ii{X}) ♦ rCxJd GFCpUxj, degrCxi<d®g fi 

or r{ Xi «* o J 

• 4 - 4 rC<y «* 

C|^£ GP{p)# i «* 1«2«#*# aj 


dence upto isousorphiswi GF(:-3>iXj/(f(x)i can fee thought 
of aa the set * Cj^£ GFCp>» i * l,2,###tn^ of 

all L.,-;'" ijiith the altietoralc operations induced by the 
isomorphiaet# 


3 

::x3mple 1 4 lPh« Galois field of 27 m 3 elements* feet 
ap(3) • I" 0 , 1 * 2? * then f(x# m x^4-x^4-2x#l is an irreducible 
polyno.T^al of degree 3 over and hence GP{3lixJ/UCx)) 

is a field having 2? «» 3 elements# If T is a root of fCat) 
then -r 2 t 4- 1 • o or «• 2r^i74-2» Thus the element* 

A 

of GF(2?) are o,l,f,f , v 


%ihere 
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0 m 0T‘^-!0T+0 


iogOgOit 

2 

1 « 07 40741 



y * OT^+T-KJ 


(o*l#o)* 

2 2 

7 «■ 7 407+0 


C i# Olfr 01 

<y3.2r^+T+2 . 

4 *^ 

( 2 |i 1#2 ) * 

7^» 27^+7+! 

<r> 


C 2 

7 »2t -^or+l 

«->• 

(2#o*li* 

T®ss7^+07+1 

<-> 


7 *2t 4'27+2 


<2*2«2i* 

2 

7 wOf +7+1 


c o# i ^ 1 i 

9 2 

7 *T 4r-K> 


C 1* 1# ot t 

7 **07 +7+2 


C o# X|F £ ^ 

11 2 

7 wT •«■27+0 


(1*2 *o) * 

12 2 

7 w7 +7 +2 

<r> 

C i 

13 2 « 
7 *»07 -hOy4'2 


( o* o* 2 J * 

ll^^*e07^+274-0 

.4L-> 

C0#2f 0i 

1*^ „ 2 

7 «27 4074® 


( 2*0* 04 * 

16 2 « • 

7 ”»r +27+1 

<SHr 


17 

7 »7* 4*27+2 


(I*2*2i* 

7^^*7* 407+2 


Cl^o,2J 

19 « 2 

7 *27 +07+2 


(2*o,2>* 

2o 2 _ , 

7 *7 +7+1 

4r^ 

( X# X# X / 

7^^w07^+27+2 


Co* 2* 2i * 

22 2 

7 «»27 +27+0 


C 2 f 2 ^ Oi 

7 ^*07 +27+1 

«.r> 

C O* 2 * 1 i * 

7^^«27^+7+0 


C2,l^o) 

2k 2 

7 «2 7 +27-5-1 


(2*2*1)* 





Co 1 ^ 0 ?; i fhmrm are rrin*'* ■^■:^i't.:\lf two <1iff®rfflnt typ® of 
co^ea block co'^os anr? trea codas# i'li® ancoder for a block 
cod® breaks tb® continuous sequence of information digits into 
section or ’ locks# It then operate on thase blocks 
Indencii "cntly# '■^hil© a tr«® code operates on the Information 
sequance without breaking it up into Indeoenaent blocks* 
throughout the thesis* we will connlder only block codes# iTie 
work of Sl®pian i 14 3 was the first Inve- of gon^'ral 





*.ure Into the problem of block cocHnq, iie stU':'?ie«’’ a OT€»cial 
asfj of codes csllst? liner.r block codes# 

ifinit; :n 1 » A linear block cod© over JF(c?) of block l©n.3th n 
'Hraennlon k Is a k-Jlaansional subapace C o£ V^(qJ where V„!q; 

presents the spac‘d of all n-tuples over the field C i® 

died an (n#k/ code# i’he elements of C are called codewords# 

Lot u#v<£ , fhe -’“ •n-j X- .’■I ’t. dixi^vj between u and v 

s the niraber of coordinate places in which they differ and the 
‘:.':'»in‘ .1 ■ht wCui of u is the number of nonsscro coordinates of u* 

le of a linear block cod® c is defined by 

, , ? c,<u,v, I 

n V ^ 
xa#v<£ C 

Let C be a linear block code# If u,v <£ C then dCn#v> « d(u«-v#oi 

I w(u-vy* hone© the rrlniim-s^ flistance of C is the weight of « nonaseiro 

odeword having least weight# Let ® basis for C# 

k 

hen any linear combination 2 ^4^4# T4 GF(q) is a codeword* 

* 1 .X 4* Jk 

n otherwords if d is the matrix whose rows are then 

: is the row space of <i# G is called the ''rener^tor matrix of the code# 

An orthognol complement of G is an (n-ki(»*i"tiffiensional ruhrpace 

»f V and hence a (n#n**ki code is called the -b^al -"O-”© of C# 

£# 

let H be the generator matrix of then 
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*P 

where otemis for the of the matrix “’*H is called the 

'*?girtv ch'Tck rtgtr.ix of the code C* 

Let i foe any nxn matrix over of rank n-k and 

C * ^v * «« oj then C in k-dimensional cq of 

and hence is an (n#k^ code. 


'•'-co'*'in*'; of a linear ^>1 og\ co-'”c C « -on-i-'er the factor Space 
>rit@ each coset as the row of an array* fhe first 
row of the array contains the elements of c and w© choose the 
first element to be the zero vector* we place in each row at 
the first place# the elwiients having the least weight* w® denote 
this array by S « where each is an element of V^{q;* 

J>iot® that s is an x matrix over f-fo® code vectors 

be » o# C 2 »***#Cgk and Xj_»X24»***irX^_n-K are the l-r '.Tcrc of the 
cosets# l*a*# .-tiinisial weight element of the cosets* Then 
Li* • XifCi* The above array S is called ;’I .-si -.m* s ■ . bar f ?.rrav » 

A decodin-i rule la that if the received codeword is 

then the trar.c. co “cx'jcrd is6j* It is easy to see that if 

all possible error patterns with t or fewer errors occur as coset 

leaders# then this decoding will correct all patterns of t or 

fewer errors* The following two bfocorar'c sumraerl*® th® results ! 

from i T J* : 
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'■I'h&orim li,?] » A linear coc% « is t-orror r.*orr'. acting i£ and 
only if wtCA/> 2t. for ©very nonasero X in C* 

TheoreB 2i.7l » If il is the pairty check matrix of a linear Cod© C 
of I'^nnth n# then the coi© has minirauM distane® d if an only if 
every d-1 coIu''rir of H are linearly it I and sorae d coin ns 
of H are linearly dependent* 

Cyclic Codes s ’Ihe class of linear codes is still too general for 
us to say much on the problem of consi.ructlng codes with gTOd 
distance properties# An important class of codes known as cyclic 
codes was .sta"’’! f'! by Prange (I9?7jf« Suppose v *» 
is an element of then a cyclic shift of the coordinates 

of V is the element 

i^efinition 2 » A linear cod© ir: said to be cyclic if every 
cyclic shift of the coor^irmt®-' of a codeword la again a codeword* 

As w« know SPCqliX]* the set of all polyrKwdsls over GW(qi 
in the variable x is a prlnslpli ideal domain* is m 

polyncxtiial tn <»F{g;ixi# then »3F(qHx3/<x“-l) is an n-dteenslontl 
tl-:a,’.r 2 » ■'^atoted by over JPCq>* There is a natural -Iro' 'orphls-.y'- 
betwoen and the clo'e':ra of all polymmials over v^^'Cqi of degree 
less than n with multiplication defined ssodulo Cx »*l)* 'Shetmiazm 
in view of the above iewnorphis® each olwaent of is represented 
by a polynowdal of degree less than n* Using this re-srer.-^ntBtlon 






II 


thn follwinfj thworan gives -j anri cofi*3ition for 

a ilnoar cod® to be a cyclic co^?®* 


fhooreir 3 * An lineer code C over ie’(q) is cyclic if and only 

if It la an ideal of fV * 

P 

-'roof. i.et 0 be an iCanX of It is clenrly e llneer nnbroaea 

Of and it rotaains to chock that it is a cyclic f?|>ac®* i.»et v<= C* 
i'hen V * ^1^*“ ii’^eal of 

iiiKadulo K ■*■> is an element of C» But a^A ® 

cyclic shift of V* 


Conversely ■' i o^c c la a cyclic axx'.' - A-nce* i^et v <£ C and let 


,n*»l 


Ow-' a to® any yl of A . As v e C and C is a cyclic 

suhsoac® # ‘^v and henc® x^v is an element of C for rocltJve integer 


n*»l , ,,n««‘2 , 


j* Hence for any Al'r4-nt a^x and v <£ C, 


( a_x 


,n*>*‘l._ ,n»2 . ._ ., _ , n— 1__ u-n***!. 




4‘a« X 


ts-.'sK V J' •!- ,v £ C* 


■I'l’ierefor® C i« an Ideal of A^* 


I’he polynemilal A**»l plays a key role in the theory of cyclic 
codes# Sonoi’" r f('v> * x*^-l ^ f'{x> * l^et 'a* is® a KX>t of 

Then a®«l « o and so a is nonsero# H®nc® o If and 

only if n and q ar® relatively prim© <i.®*# (n#g^ « !,» * Thus a 
iaec*?ssary and cu^.'rlciant condition that dees not have any faetoi 



'£ multiplicity greater than one over jrXq^ is that {n»q/ » 1. 

'ho folio'.^lng t‘io'>ro' ; characterizes the isSeals of a^» 

."heorem ^ s The unique fsonic polynomial g(>J o£ l;il /-;1 degree 
■.n any ideal a of is a ':o“;3r--tor of A anei divides 1!he 

Jlmension of A is “-v^roo of Convs-rj.-Iy # a divisor of ‘'^-l 

La a gansrator of an Weal in 

i>roof i L.et be the unique monic polynomial of ?f5iniitial degree 

in A and let f( i be any element in the ideal* '.:y division algorithm 
f( 4 « q{4ig(: I'frCx) where <3 'gree of rC.\) < dogx*ee of gCi-ii# Since 
A is an ideal, rCdi « is in A, Flnce giU is of 

ininimal degree in A, rCHi « o. Similarly taking f(il « .-'”-1, 
it follows that qihjt ’Ivl '-sr x®-l* AuofXJse gi:i} is of d gre® n^-k* 

1‘hen the elements Xg(.u, x are linearly 

In * in A* Since any element in the ideal is of the form 

Where a(.'d is of d gree less than k, these elements span the 
ideal * Thus A has •■'’imension k# 

Conversely sxj.'i.xano that is any rwonic polynomial that 

divides and consid r A^g(Hl, bet f(x> e A^g(XJ* Then f{x) «• 

a(X/g(x| jaod(X*^-l> « aCx)gCx)4fo(x) (x*Vi;w p(A)g{xjf as g(X) divides 

x”-l. Hene« is the (jeoerator of 
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T’so ;x>lyno!niftl ~ is cailec? the cjieclc ■■^lynoiaial 

n**k a 

of the cyclic coaci, Xf g( ./ » than the generator matrix 

i*o 

of the coci® has the form 



% 

'h 

t # # 


1 

0 e « fc O 

O 

o 


-1 

4 # « « 


<? -1 

i # # *0 

O 


# 

m 

» # « 

# 

# 

# ^ 0m 0 

# 

♦ 

<0 

# 

4 e « 

♦ 

m 

m. 0 0 0 0 

SI 

♦ 

m 

e 

#> # e 

• 

m 

m ♦ * e # 

m 

o 

Q 

O 

« « e 

0 

% 


i-k-l ^ 


An alternative soccification of cyclic codes can he mad® 
in terms of the roots# fX>soifely in an extension field# of the 
";c;‘?-sr“>tor g(>U of the ideal. het roots 

of <« ass‘-m® th»it there are no repeated roots, ihen the 

statement a.:i'"a-^ly specifies a cyclic code » A vector 
fC>:) is codeword if and only if ^i»'^2*****^k roots of 

since in that case c|{>.i divides f(X) • If the '.'d-Tzi. om runcbion 
of f|_ is then fiXi is a cod -vector if and only if 1* 

divisible by m 3 ^(:'U#m 2 (Xi#...#mj.< 2 U and hone® by their least common 
multiple* sow gCxi is the monic polyncwdal of '.i degree 

having Tt#t«#«#*#f„ a« the roots* ‘^h-^rcj-Coro# the code is the ideal 
^Chcraiedl by 



u 


gC w I ]♦ 

rr-:±.r: Cp^es t x'.-!© Origin©! codes of ., [ S] were rastricted 

. th® Mnory case^ i-efine faxCi”*-!/ pairty check matrix H for these 
tdes -y taking all nonaero binary '--tupla'i as the colu.-;--r.. 2he 
Idltion of any t.io coluT<ns of <Hi catJisofc bo Kcro# -‘«ence every two colurans 
: H are linearly * However it is easy to find three 

Ln<*’arly dop-'/' "o-At. colurms since the addition of two -listlnct biiAi’.ry 
-tuples is again a nonvero bin.'ry ra—tuple • ’ihuo by theor^sw 2^ 
tie pairty chock matrix H aefines a corl© with 'Istanco three and hence 
s onc-crrcr c'.frrccting code* ih© rank of H 4a clearly m and «o this 
s an code* 

In the rrenornl^scd «atwning codas over 'Jifiq)# on© defines th© 

>airty check matrix H by tekin.i all nonzero m-tuplos over <Jh'(n) 
rith the property that no two of its columns are scalar multiples 
»i on© another* it will b© an mxn matrix when n •* q*®-»l/q-l* 'itii® 
aatrix has rank m* blearly ©very columns of n are linearly 
Independent and it is easy to find three linearly dependent colu-jns. 
thus by Uieor-'.:'- 2» ** defines a code with dif^tance three* ’ihe result 
is a one-error-correefcing (n, n-m> code over wherwn n ** q®'-l/g*«l* 

fh© following theorem gives a lower boixnd on the ’'■dnlmosn distance 
of cyclic codes* 

Xheoran ^ » Let gix; be the generator polynomial of a cyclic «»d® 
of length xt over and let v 1#****T ri**k be the roots of g{x)* 

possibly in an extension field where f Is an ci".'V'.'jrt of order n# 


1 "^ 


The jTilnlitRirn ctistanco o£ the co*5® is th® l.'rgest niimber o£ consocutiv® 
Integerr. raorhilo rs in th® set S w ^^^^♦®2*****®ii*k ^ * 

p3Ct?of » bet denote th© largest set of 

consecutive integers aiodulo n in the set <S» A cyclic code with 
the roots T®l,y®2,.4*#y®n-k is the null space of the matrix 


H 




♦ ♦ ♦ 

r^l 1 



# « # 

f®2 1 

« 

• 

# # # 


♦ 

• 

« # « 

♦ # 

# 

tT®n-k)“’^ 

m • * ♦ 

if n»Ki »«• 

• # 

y®n-*k 


Consider the matrix 


if « 


( *»»1 

(T®i 

i>»2 

• ## 


^ yiB+l ^ n*-! 

t «,m+l i n-*2 
(y i **• 

^fUrl e 

y 1 

m 

0 

• et # 

• # 

# 

# 

# tt « 

« ♦ 

It 

0 

♦ # • 

. m 0 

^ym4dw2^n«-l 

j, Tfk^' 

(7 • 

^d-2inf2 

3 T 


Then no linear cf>.'r*'.inutlon of d-l ooltwins of the matrix i» 
aero as for any set of d**! of its coli»«n«» 
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can b«» only i£ same two coltcnns of H are i<2entical* 

Therefor® any d»i ci’flu'-ins of H* anna henc© any d-l cula.^.s of rf 
»r© linearly 1 So by theoreta 2 tb© cfode has adnlrmiaa 

distance atloast cl# 

Xh® lower bound on the distance of a cyclic code 

obtained In the aboue leanner i® called the degir'-ne-'' "Kc: nco of the 

code* 



t BGti cod«s are « oiass of ofoiio &0i6mB ifhoso 


Qorator polynoffliaXs mrm diosi^i to mako the isilnirmM dletioioe 
eranteed hjf the hound proved in theorem 5» 

ifinitlon 3 t A e^follo oode of iengrth n over GFC(|) Is e BCH 
>de of designed distance d if for some integer h > O# 

r 

g(X) • UM i 

»e*« gtx) is the lowest degree oonic polynoRdal having roots 
*, Xf b « 1 these ere celled narrow-sens© 

2H codes* If a « these are called oriraitive SCH codes 

man for then T is the priiaitive elment of the field Gf(<^)* 
he pairtf chedk matrix of the above code will he 


iT^) 


1^1 n-a K 

tf®) * * * T** 


H 






♦ t # 


• # m 


« # ♦ • 


# # ♦ # 


1 

i3L 


^^4d»*3 ^yh4d*2 ^ 




the Biost important of the ioi codes are the hinar^r codes 

j||h 

»htalaed h^ taking f to he a primitive element of ^13 )# 

I « 1 and d « 2t4l« these were the codes* whose existence was 
ilxnm h|f hose and Qiandhnri L ^ 3* in tidls sitnati^^a fCxJ is a 


sode vector if and only if T» 


r are the roots of fix)* 


f mmm # 


! is a soot of £iKi tchan is a *oot for «ia laiiiiaial 

mction mj<x) of ip^ for a « l, a, 3# •«« , aad haiiea a root of 
lx)# tims fix) is a csoilaractor if aof only If 
r« jToots of fix) and tho i^oiysoaiiai of the ooda it 

gix) « x>Qliiii|ix)« m^iK)» •••« aij^^jCx) ) 

lie di^rrea of eacili ii^ix) is less th^ or ecftiai to therefore 
rix) has degree ataost mt and the <e»»de has atmost mt pairty 
sheOks. ttiese results eaii he cmrii !! im the followliig theorem 

diiOh was prored hy Ikise Chemdiiiiri in i960* 

Pheoram 6 I 4 ] i For any positive intsgor » and t n/2, there 
Ls a IKM binary node of Isngth n « ehieh corrects all 
coT^inations of t or fewer errors end has no sore than nt pairty 

jiMSBIia .^lim.jSliii^[Uh jMyet^ehMi4eali^umiik! v 

6I1I4KSK 

XoBprinitive ecu codes have received worm attention in the 
second paper of lose and Chandharl i $ ] * Unary 9GH codes are 
gimeralised over QFiq) <lorensteifi and fierier I 7 ]* 

Xxaepie 2 t two»error-eoxr<«tlng«3CH cods over <3Fi3 )♦ 
het 

«)F(1^ ) • «api3 ) lx] / X*+ X® ♦ 2X 4i 

as shomn in 'Oieisiftie l« Xiot gix) be tNi generator poiynoialai of 
the ICH code C over <XFi3 ) having roots ft y^« then c 
has designed distanise five end hence by theoraai i is capabie of 
corrwsting ail error patterns of two or fewer errors and has htoOh 
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3 

.(MEigt}i n « 3 •! m 26. h«ik th® laiiiiisal pol^^iwattial. for 

JL S S 3 

f # i w 1«2«3,4* Slue® tli« «2o»i'Gyg®fees of f mm f laid t * of f 

sir® T^® aiMl of mm d®gr®« of g(X) * ^mgrmm of 

Oj_(X) 4- <l®gr«Ki of i^(X) ♦ «S©g»®® of flwi® 

mrn&mr of paixtar otiodtc symbols in tit® ood® is f md Wm nombor 
of iafotraatloii syti^ls is t? • th© palxty dtoc* matrix 

H of tlio ood® is 




In 19i3t Bmxy »* fieunii I f 1 »tti<d4ad tin® pj?oi3l«R of 
nm^r of Infbi^ifttlon syttSaol^ in a&4m» Howofrer# Is® prosrotS 
Ills results uen^or m consSltion i^i® d®«i^e<3 distant® of idMi 
CKxSes* 9®rl#e«si^ studied tli® Bern problem Ib th® QwaeraX form 
i I } « Ibis <9i®pt®r swenarlses their results wtiibh ®r® 
for til® tMort don® in Chapter #• 

bet Kn# d^) denot® the nwAstmf of informati^on syiibols in 
the narrow-sens® ICH cods C over ®ftq) of toloclc n « «/®-l 

and designed dlstanc® di.« Z*®t 9 iX> b® the generator polynomial 

S 3 d I 

for C over Ofiq) whose roots are f, r » r*,,.*# t ® and their 
conjugates* Z£ 7^ is a root of the generator polyneaaial g(x) 
of the »3H code then are conjugates of 7^* 

Hence 7^ is a rtK»t of g(X>#if and only if* there exist sewi 
)e(x) sucdi that H T( mod n) where IT 4 d^* Conversely 
is a root of the «Mcle r»olync»idal 1 h<x) « if and cniy if* 
xq s X Cmod n) where X d^ for all h* thus we have proved tihe 
fol lowing result* 

iHwiRa i « iHie ntraber of information sysbols in a Boi csode over 
Cfiq) of designed distance d^ and blodc length n is the number 
of integers X* 14 X 4 n sattsfyis^ the congruence 

Xq^. « X Cnod n) * dl^ 
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«hi« l«!ria «a3bi«s us to tim ouwbor of irafoiwiatiiMi 

s3fii)bo3.s in tiift givm 9CH coda ouojt (Xtiq) idt^ut dtediig mjt oai«!U» 
Irn^m in 9fiq} or 11»i oxtoitsioiis .1 wo onX^f havo to fiffiitsnerato 
certain type of rosiftao eiassos it« i%d8 uaonmrsticsi is 

still often to<3ious in pmotioo# particularly whm n mnA am 
y«kry largo* In oraer olatiKlJi rosults for largo vaiuos of n 
a^« cmo us«s tho following altomato fona of tlie albouii tmmm* 

l*«mi 2 > Tim tsm^r of Inf citation sysaiols in the BQI ooao over 
OPCq) of Olock length n m<k aosignod aistanoo a^ is the number of 
intogors i# 0 ^ 14 n-^l setisfylia^ the congrusneio 

igf^ « lima ») # O ^ I < n^'l^wd^ « for all It* 

Proof I lOBMt 1* t tm know laiat Xitt« a^) is the nunher of 
integers X satisfying 


Xq^ • yiaioa n)# i ^x^n# S' a^ for all k* 
or ng^- Xq^ • n*^ (woa n), - 14x40# y^a^ for all k* 


tf* 

or (n-x)q « a-y Cinoa n)# o 4 ii*x 4 »**1# o 4 »»f 4^ 

for all k« 

Replaning «x by i ana n^y 3oy | ^le result follows* 


X.et dtlq) « j^0 ,l#***# q-l^ let V m V^V^*** he a 
qwary seguenm* l«e*# a settu^ce «aiose letters are in <}fCq)* flieii 
the seguenee f • f I f 2 • * * » where f|^ • (fl*l ^ 


eellea the eomolcBsaaat of y* h sequetum is said to he a finite 



8 «qu«>iio« if has flnits wmix^w o£ Xattaxs otharsiss i»fliiit«* 

X£ X is a flnita saqsisictt aad V is saqussifi* than 'th* concatoMia%i.<» 
of X and V (< 3 teiiQt®d X ^V> is the ssgiish«« ^^*** * 

X is eallsd a prafix and V is eallad a suffix of tha saqusotcNi X^, 

If both X and V ara nonas^gMl^ thi« x(V} is oallad a rnropag . prefix...... 

( oTOoag suffix) of X a V* If X and ara laoth flnita than V a x 
is a oyolie shift of X a V* If X is a finita sa<iu^usar ssqr 

X «B Sl^X^**# than ^ danotas tha sa^'uanco Xj|l^X2»*« ^^^'^^***'^^'^*** 
In fsarticulor, <Q t. i ) daiK>t«s tha infinita <3-*>agy saquancMi 
uith • <1^1 fog all 4 • * 

liot X and T ha saqtsaneas* X < ¥ if thaga axist a positlaa 
intagag k sissli that X^ » fog i « k *4 hut x^< 

If X < ¥ and ¥ < X# than <i^aa is a prafix of tha othag* x is 
said to an tortiadiata . subogdi.oilta of ¥ if x is a finita saqiianca, 

X • X|X2«»» Xj^^ i»ith Xj^ • x^ for i • hot x^< X^* 

h #a<|U'«ftoa ¥ » ¥|¥2¥2«*fc has X^ ismadiata suhogdinates of 
langth ona# X^ imnadiata subordinates of length two and in general 
¥jj imadiata suhordinatas of langth k* If ^ saquenoa ¥ has onlf . 

m 

finita manibeg of nonaaxo aatrias« sa¥ ¥ « Y^Tg*** Y|^ o than oaa 
tha greatest ia^aadiat® subogdineta of ¥ as tha saqoMHMta 
Y^YjY^**. ¥^^jt¥jp-i)* SiiailaglY# ¥ is an * 

if thaga axist sowa k such '^t X^> X^ and x^^ » Yj, fog i»i#***#k^ 
If X » X|X2»*« Xj^ and 3 ^ jf q*l than #ia ' 

of X is YjYj,#* with Tfg for i « M and 

Bf ^tefinition of inaadiata svhordinat^ of ¥« no imsadiato aOhogdini 
of V is a propeg istafix of vtnf othmr Ixaiodiato sohogdinato of ¥• 


Thm iollox-sln(j immti uas h>y Hmtxy l» Hanri in tli« 

ccan-rd — »«mtairy fOM* 

ifmma 319] t Lmt <S«iiotes tUm iiml^er of 

fill of wtiofifi e^rolio fiMftai arm Xm&s than tl« Xf n » *1# 

-a, -I », «- » . o. «« 

Kn# » jr{ll# Bi> 


Pix>of» IShfi! <3ra3ty if corrasponds to tti« l«tog»r »+l-*d^ 

Any q»*ajry m-topl# « • niill oorrefipond to th® int« 9 «p 

IP, * 

w • S M- ♦ fhfi first cycaic shift -••W o« w 
i**l * 

oorrofioonds to 


S 

i«4 




4 Wj 


m qw 


C^-l ) Wj 5 (*8od n) 


it cfin to® fihown that th« socsond csyclio shift of w 
corrofipcmds to q w and in goaaral (bi* 1 ) shift cowofipondt to 
q®**^w» fhfis# intogarfi w# qw* #»«» air« loss than a+l-»d^ 

if and only if all oyclic ®hifts of w aro loss than if* Thn» hy 
lowifi 2# X(n# ^d'^ * nJ* 

Xn tho follominq th®or«« hy apipropslato nanipnlations on 
thtt m«>diqit q^ary ropresontatiofi of d^ mm deriTO a aia^lo linoair 
r@cis3rr©nc© tor a aoquaiMftfi mtiom® twr® is tho maShar of inforraa** 
tion symbols in tho BCif ^»da» 

thaoMi l>U] » hm V ha a q«asf setraenea mmmmdm all ita 

propar anffinas* tliott 



1 } Wv&cy suffix of mtmxf ircA<2«Slat© sulaor^iiato of V 1« * 

onoatonation of ismodiata subordinata® of V* 

2 ) iiOt I? bo a q-arjf aoquonco# If w and all it® oyclic ahifta 

iTo leaa than V# thoa w oan bo uniqiioly docoopoaod into a 

foncatonotlcm of iomodiat® Bubordinat®# of V, inoludlB® a poasibly 

BTOty ^la^acound iramediat® subordinato of V# i#«*# w • o 

h 0 itfhoro aro imafMiiat® 

lubordlxtatoB of V and 0 0 is tlio «n<l»acoiiiid 

Lmmodiato Biibordinato* fb« ond^axouna iimediat® subordinat® baa 

fcbo profix utiicii is tho suffix of w md tha suffix 

(ll 

• « VI ' xbiOh is profix of as wall as oonoatanatlcsi of aborts 

iiKsadiata subordiaatas 

( 3 ) Bsrary oonoatimatic^ of iianodiata subordiaatas of T iacludiag 
a possibly aapty said<*arouad iaraadiata suboxdiaata yialds a saquassBO 
xbieb bas tba proparty that all Its eyclic shifts ara lass thaa f* 

No sueb saquaaea of langftb is oaa axoaod tba maxiania w^diqit 
ooaoatanaticai of imnediata subordiaatas of If y is fba Hsaxiimm 
fn*-dlglt oonoataaatioa of imnaadiata subordinates of V and y< N^V 
tbaa «I Cn^ib) » <l’(V#ra)* 

(s) *« iR t £ VL <l(V#m* 3 c} xbara ^4 is takaa as s«ro 

» X J 

if J axoaads tlai Isoigtb of t)^ rnrn^mmm V* 

CS) x.at a « q“-t # d^ • S b| 0 < 13^< q aad lot 0 • •: 

^%***^* If f t iO H) < b ^ least m^diqit ixmoatsssstlcm of 
ifSBodiato superiors ed! ^ « thoa I (a# d^) « dCV"* a)* 



Moiff two oas«it 


p « S where P i® tlie prefix aaS B is the sufifix* 

arise elthor si* not a proper suffix of w or s is a proper suffix 

of w. In the first ease either s « n in Ifiat ease a is a oonoatenaticx 

of siii0le immediate sisbordinalw w or a ia ewpty in <diioii ease S is 

a coneatwaation of anipty elass of ieaodiat® subordinatas of V* Mow 

ctonsider tha case wlwai a is a proper suffix of w# w » p s S is an 

iranediate subordiiiate of V imp ie® V * I* * ^ Since V is greater 

thm all its proper suffixcos w< % S < <: V* Then s has a 

prefix say ^ idiich is an inwwdiate s^v^x>r' 51 aato of V* 1 ^ S • 

^ • How ^ is the suffix of s mad s is the suffix of w 

and so ^ is the suffix of M. As prowed abowe ^ can be 

expressed as ^ Where is the immediate 

suborainnto of V* thus » • idiere is the 

(1) (St) tt) 

suffix of W* Contiauiaa Ws way w® get s»p' #P » 

(2) since w < V» w has a prefix ^ which is an immediate 

'3ubor<“i?ici't'’.e of V# i»e* w *» simse ^ e mp ^ is a 

(!> (il 

cyclic shift of w# toy hjfjjsothosis B W ■< V« Row two cases 
arise either V or is a prefix of V« If V 

then tms a prefix wliicii is an iiamediat» subordiaa^ 

of V, i*e** «®®cn R • 

V or is a prefix of y, Ptoceodlttg lilte this m get 

w « »*• e where is a prefix of V 

and are immediate subordinates of V* , 

Since all «»foli® shifts of w are less than g# 

I I I 

has a prefix P which Is an immodiate subordinate of V* Mow ^ ^ is | 


prefix of p# If is a pj?®f£x of P a»a 

Ii(i4l) l®t P » *•• 

♦ s i^rioxo 3 i» a prefix of siaco S i» tlie aofflx 

of P« an iinraadiata aabordinate of lay part i>S ia a cx^zioataiiatioaa 
of iimaaiate aiibordiaatea of V » Bat »o irmAodiata subordittate of 
V is a prewar prafix of mx!t otiiar iin-iediate sobordiiiata of V so S 
imist Ini and baaea tha rasolt* 

(3) i»at w « *.* m ahara 

ara laroadiata subordinates of V and 
is «a isidHaroiiad iamaddata subordinate of V« i*at C ba any oyclia 
shift of If* fiian c «■ # i^Cle4l)^ ^ ^ 

# a P^^^ idMura *■ * Vkm turn oasas arisa 

aitbar is ampty or is not as^ty* If is a®pW 

f‘te4l I 

than C has a prefix ' ifiish is m imrnmdimtm subordinata of ¥ 

and hsmm C < ¥• If 3^^^ is not ai^ty ^wn is ths suffix 

of the imadiata subordinate of ¥ «sid hanoa oan be 

expressed as a concatonatlon of iramadlat® subordinates of ¥ bf part t. 
yhinrefore C has a prefix idtiidi is an ins'.'^ediate subordinata of ¥ and ' 
hanoa O < ¥* Clearly no sudb sa^unaoa of m can exoeed the 

siaxiiaiaa i»Mli^t oonoatenatloii of iaMidiata sidsordinates of Y« If 
¥ is the maximuA ifr«dU.^t eonoatnnatioii of irsnediata svfiordinatas of i 
¥ and ¥ ^ ¥ ^ ¥ then ¥(¥,») • yt¥»*)* 

C4) If ¥ » ¥|_¥2#«« ¥jg# than ¥ has ¥^ ianediata subordinate Of 
iecHi »* aai^ of ahidli has a distinct oyolio shifta* flats ¥ way ! 
dhosan m a sindle sAidetro'tnid imadiata subordinate of ¥ in eys^ 



Xf w is the ooncststistion of soreral iiwnediat® s^fbonSiiistss of 

ar® i3afim®diat« sisbordlisates of If and is the p*»per 

prefix of the ii«»#diat« s«b">raiii«te **• * 

Wmti the length of w is the l^igth of ^ plus the l«igth of 

e ^ for eadh k there ere V|j oholoes of 

0f leogth k and J<V, ific) ishoioei for 
Therefore 

iii«l 

ib) «« m Vgj ♦ I! Vj^ aCV»a^)* 
k»l 

(S) Consider JCif# la). since mi t* e laonotoaic foiiotion of Ht, 

it is zxa^'l'Sl.mt to prove the result for the tsio ©xtrease oesee* 
Considering the least special case, het » be the least »-dl5d*t q-ary 
so- u©neo greater than f + (Q. t 1 )♦ Letting d^ «» 

V » I » V • S f « 

d^ 4- V * B q®*^ + 2 V|^ q®** 

JL S» 

• S f #14 2 V|^ q*®*^ 

ill l» 

• 2 ( ^ 1^4 V|^) q®*"^ 4 1 

•t # 1 » q® » a +1 

or t • n 4 1 •» d^ • 


2 % 
i * 


Hence by lewma t Itn# « dtV.m)* 



2S 


Consi<'’ierln 4 the sp«cial case, uet v b® the least !W»’.iigit 

e ;L':''-v '/'•ov of iTsiiT, 0 ’^iate ■ ri..->r o£ V* I'hon * is the greatest 
"Ti-ai.'.it concatenation of ijwnadiat® .r.f .-or ‘'Ir.'tes of V, In notation 
of oart 3# t' » Y* betting we have Then 

bf lcm;ia 3 an-.l part 3 above# 




The ai’ovo theorem will enarsles us to detor:;ilne the number 
of information ‘-olr in q-*ary v’.C!! co<?.e of .ilock longth n « q^*l 


and distance • 




,w^i 


i£ wo can tincl a sequence V 


which is greater than all its proper .^nd has the property i 


v»-(j»l/ <' a ^ least m»dlgit concatenation of tenediate -I of 
V* In the following theorann the problem ot“ '‘It; such a V is 
reduced to the problem of finding a# which Is a prefix of 13 , 


Theorem 2tli » bet K foe the shortest prefix of B such that 

B • XjIcF# F4-C.,»1/^ and let V foe the least imraediat® sti;;or* 

of X, Then 

Cli^ i < D ^ laast ra-diiit concatenation of iiwaadiat® aa •« a 

of V, 

(2i V exceeds all its proper «uEfix«o* 


Proof »<1^ Since X Is a prefix of B and V Is an inraadlat® superior 
of A# V is an immediate su-^crior of B#, So V>B and V>tk(v-li, 



'dentin : this vm get Vt( so Vt«( >,Al j < t)» 

Let , * ■♦fX* Then !'*( . •I ^ is ® ui valent 

^ k tim®a> 

to ■.■"x( '»;•! i ^ .i ^ ^ ^5Ki'*C >• I’herof-’ore# ^ Q&l i# or 

!• «( 04«1 > ♦ ay Induction, x^ ^ ‘^^cF«< ’^il ■/ >il 

C t**** j 

and u*Cv-l) ^ X *■ 3^F+<jil^ for all k, since this is true for 

• Jt 

arbitrary lurg® \0 !>«■( ,iil ; ^ t* S::- ;-?l' ■i.r-.vtln ■•- it ve get L*0< x^any 
inl'inite concatenrtion of iitiaediftte superiors of V* Therefore# D 
any m~^’’lgit c? ’C oC iiwaodiate nun-^rlorc of 

{2/ I#«t X » Y*"'i4*l.# v;here Y and L aro aroitrary and « if-' the final 
digit of X* ('ve have V » Y)K,-'*(it'i*l ^ 5 « 

,’''3i*( a^l i YjK-L-<^ii*F-jR( v'~l i • XHhfiCytii* If Y#''-ti#-i‘»f’'it(v^l v ^ jil 

then Y is a shorter prefix than a sat-' ■"'■yin-' the given condition* 

Thus Ye’ii«Lji5F*(U^l j>x-i<lU*F*(i3-l i# If sonw proper suffix of V say 
I'. f(l»+-l/ exceeds V then "^tli-f-l > YaA?:«{l»+'l J *> X* If 

then /•^Lf:F*(-a*'l ^ > x-ftFjifC 2^1 i^# a coir^.r'-'dictlLn* un the other hand if 
*-L is a profix of x then X * L+LtO rand from j^l; ^ ; 

we have k:K**F*C'>jil/ # and d*r#('wil / > Fftwi'l ^ ^ i 

.‘■ine® is a shorter ptifix than X* this loads to a contr-;'''ictIon, 
Therefor® Ya.:-t(L4l i* i*e** V r^c-^dr. all its own proper 

suffixes* 


':'!;r:Tolo * Wt»Rb®r Of infomatlon symbols in ■‘:vo-r'r'-cr correcting 
-CH <30^ over -JFO i* considering th@ exatn-jlc 2 of chapter 2 with 
g s* 3 * fi <* 2 S# • ^0 P • 012 * S w 210 * Se 2 « 210222 # ***X** 210 *Va# 211 *, 

m 1 2 3 : 

JCV*iai 2 6 17 

thus the number of information sf-^'/Pls in the cod® is 17 * 



3o 


i'ot*7 in tlia following section asymototlc results for 

as n anc®, iioth ap;>ro.ich infinity with their ratio rsmi^lniftf 

£ixe*.l have been J^ofin© the ©rniraerator 


OS 

Jiv^zJ m s s™ 

Tflml 

.iiven a cerfuence V which exceed® all its proper ^arr:.v-„« 3 , we 
may also define 


vizi « X Vj,** , 
k 

.■o that 


aV*(ai • S X 

k ^ 


From theorm 1 


JCv^rai • m V„ ♦ S V^J(V,iJwk^ « 
® k«a ^ 


oa m ^ 

or 'S J(V,iBia » t m V as t S ^ 
m*l !H»1 i!i»l k*l 


or JCV#®; • ■*■ ( S i3(V,iJ4»krf 

metl 


• BV'Cti + V(By*l(V#si» 


or * 


Let Pj^0f>2**** ^ ecMspleic reciprocal roots of l-VCay, llTien 




ifi«>l - 

( S a’^y , 

k«l ^ 


l*»V(sy ■» TT (I'wp, ® j 
i ^ 
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or • S TT 

i J/i J 


or 


zV'Cai n z 9mZ TT (l-#s^aJ 
i ^ 30^ J 


or 


zvHzj ^ « 

-fzr?xT: • ! 


ITiSp 


PO M 

« £ S (^4®) 

1 l««*l 


2 S P? s*« 
1 rnmi ^ 


Therefor® i3iv*x) 


» ? S pf a® 
m«^l 1 


or J(V#iiii » S P? 

1 ^ 


ThAs prov'es the foXlOi^log theorm* 

Th®or«in 3iJj » «• 2 p£ i^ore P 

i 


i 


a ere oc^i^^l ex 


nimbisrs 


''3o£ine'7 bgr th® w^iaatioa 


l-vCaJ -TT , 

1 ^ 

Although the above theoroe gives en caxoliclt for 

J(V«!ni« th® ejspreeeloa <®Gpen:^s upon the oewi^lex utrabors for 
finite veluee of s®# it i® usually easier to ««^ut# J(V#ro) 
directly frcm the recurrence relation of thforem 1« since these 
calculations involve only integers* for ‘ -nfrf rrxotia results# 
however the above equation is very useful# 
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Lot P « max j 

anfS let 

s • log^ 

■i'inc® the c»®f£icieat 0 of Via# ar© nofmagatlv® integer* r«Jt 
©xceedin-t q-1, Clearly J<V, ns i i« i:>. rx' ,l::oc-'ly equal 

to and 'm write 

L(V,mi P*” 

for large m in the sense that 

lira P"®J(V,rai » 1 

oimilarly# 


loggJCv#ra> log^P*^ • m log^ ** ra# 
or J(v,ra# ^ q*®® 

If u - ? , y « and x H v 4 o 

iml 

where V exceed* all its proper suffixes and X is the -^aximra 
iiiroediato n'd’xjrcllnato of V# then 


In other word®* if we fix the frr.qtlon d^n 
then 


ttJ^ 1 ^ 

I IQ J ^ M 


where 


log I(q^^i,W**> 

siui •» lira 

in-* 00 


m 


Urn n and grow largo 
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;,’or a gi’vmn the 'canct'.oirs sCUi^ i« rather *• 

:tov^@ver -.m can s(u^ in the following way* l*et eoai 

. o<3 «,i _ 

o<u< 1* rhon u • "I U^q * £»et tJ •* ^^^2%*** 

1*1 

complfwn.'ftnt of U* If 15 e:«ce <3a all# its p.roper suffixes let V «» S# 

otherwise let V foe the least Irmofiete superior of <\ where K Is the 

€ 

shortest prefix with B « a«F ani3 p, l*®t vizi » S i^ere 

1 * 

V m Vj^Vj*** let l-v(a/ »TT If P «» max | i | then 

8 ( H i ^ # ♦ II ( 1 i 



i ‘X .Vv 






In 4 . 2 J -■^erlekamp has provaci that long primitiv® binary 

**1 

CH codes have di state® "" Xog Tir* * this chapter this result 

has boon seS to the JOH codm over Ih® results Of 

this chapter ar® based on chapter 3« ispillowlng the notations' of 
chapter 3# let denote the nuR^r of information symbols in 

th@ tiCH cod® over -Hq/ of bloch length « and designed distance 
In chapter 3 we have smn that the number of infoimiatton 
syrnbolo in long primitive liCH codes of fixed ratio d^y^n • u is 

H I 1 % I 

■j'r to tic to n in the sense that 


lim 


''"sTuT '" 

n 


M 1 




i-i® first iiwe':'c;l ’Ctc the fUinctlonal relationship loetween 
u and s whan u4r0 (u approohes O frcmi right) and stl Cs approaches' 
1 from left), it turns out to b® slightly easier to irsvecti /ato ; 
enothor 'uactlot rCu) defined in the following manner* Lot o<u<l*i 
rhon 


u * 


oa 

S 

1**1 


•“i 








ii # # I' ^ ftJl X J* ^ CX<(^ 


In this chis|>t«r a su-votiop unless specified %rtll represent a 


sur/Kiution from 1 to c»o * Gorrespondlng to th® sequonc® 0|y2^3***# j 
we associate a corwplejaantAry ss'tucnc® with ^i***3fi**^j[ , 
for all 1 « l#2f3#**** Define th® corresponding analytic functional 


tlCa) • E 
i 



(2) 


i 


t t • 







i 



dth this notation ’uritio:’; (li ®ay be r®«tate<5 as 


a m Xi{l/qi 




vov positive real s* function v(»i is raonotonically 
increasia-j* iJinee V(©i » O an?5 the equation vCai *■ 1 has 

a tmi^TU,® positive real root# say x* X}m 


Uizj 4- v(si • Z + ? V.s^ « ? {q-1^®^ » 

i»l ^ i«l ^ i*l 

implies that is also the unique positive real root of the 

r>ru.tt5.on 


0(X/ 


1«*. , 





C4 ^ 


vi'^^r.tlY ^ ♦ Define 
<1 

r(u^ • i-log^ •*• C*>i 

Here in this 2 li' 4 "tor In rspro'jents; loqarithra to the base e 
and log represent® Io::arithni to the base q« For the function y(a^ 
by t2i 


U*C«J • S « B i 

i ' i 

f 4 J 

«lJ*(aAna*S iUj^a Ins# all* { s ^liw » £ Uj, »*!««% 
i i 




SU, aHn*^ 

A 

"uTsl 

,.s. 


• £ © 1 ^ In ♦ lny(a} 




•» -t InWCai 


» • • 





uliarw H(s) » « 


s H. 


z 

^y(*) 


t ^ 

JliX % • iipwiwi 0 

ircs) 


mmm 


( 7 ) 


90%# no i^iaXI bounds on 9ln} snd ll^(s)«MffoirOfitdlatlii^ 

( 7 ) no 90 t 

- iWjt L ^ 

4 i i 

*• ^ 1 ^ * " * * ^ 9 'Ca) ) J 

* ji Qt < .- I , I —., * o'l f-"* o*Ca) ) ( 1 + lal sfsT ) ^ 

* B<») ir<*> 

wmem lining <6)* 

H'(*) s inUA) • ” ^“"" i ' (lr ' ^ )U4la<^^) 

• * Vii4 ««»>> ^ 

m *»(«> ♦ iiCs> \ i»^( 1^) - i^Cn) • 

901 # n lA l/« « S % and «? «*• nil noiinn^^tivn 

forO<*<^i implies 

- H* 6 ifc.) . urti/.) £ s »i td^T ••• «•> 

Onfino tun sngtinnoen wj • mA V**m Wf ' 



1 if 

0 etlMinfisii 


if / 0 

O ©tlMVlliS* 


«nd tiMi oorir«8pcm<3i»g «]sitiyti<i 


« S nj «• / 

Mot® that • iqt*t) w*{%)* If «6i®r® am j ©jt aiam <m«a in n*» 

l«t i( i ) <lanot« ^ ittte of tha <mm aial if tham am fawar thaoi j 
anas tiOca i(|) aii4 iat 0« hat 



jLmZm. 


••• (t} 




♦ #• 


<liO> 


siaoa aa# 1» K i» an inemaaiii® fiawtioa* 

i«< ^ 

Moraof¥ar« 

®i 4lr ^ 


rf“ ^ i.j,n^;jiiiiniiliimiirr- 


Or ®fj 


ifer 




tq*i ) afj^* 


*•« ( 11 ) 


Waiter (iO# ant 111 I wt ^ 



If i« fraj|-*-r-) (cHL) if; l*l( -*gj— •) 


and so 


■1 t!^ ^ I <<i-» > "t’* i»< 


S »1 ^ ^ - S (q-l ) C„'^, B**(.)' 


OJT H(») ) H^(») 


i«« U2) 


iiliare n {») 


* ®t** 


•I * S « 


,*+ E 


.i-- > 


^ |<l»l) w (») <<3*4)^ {%) 


i# V 


0 W 




«♦{,) ♦ } t «i ‘ 


• I^C») ♦ lil(<l»4) 


(tS) 


.arntm n*in> • * » -? 


^ 1, 11 ( * » S i i i i " ■') • 




tn*) 


#♦ If 


Using (9) MS gst 

• - 2 Pl in , 

- . p^x« Pi - (i-Pi) ? 

- - Pi i» Pi - «-Pi )L iB(i-i>i ) 

• • Pj In p| - (1-pj) I *• ]*. 

^ m , P* . 

Mlisrs Hgl*) • • * 

Both H* and ars «it»0|»i«s ®t 1»hs itom » £ g| in 

Whsrs 0 4 ^ ^ 'Sj a»a 2 qj « i* It «<>Iloifs that 

H^ and hJ hars a ocwmon vppmf: toomd shidh satisfiss 


wj^(*) • • Pi^^ s>i • ^ 

Hanes on singillffihSf «• 

l^<s) -I • in p| * -]g^ 

Dtifsjcsntiating with fsspset to p^ «o ^ 



. . i tJ^aai* i ♦ iiaaiisiiihl 

. . ^ ♦ -1^ Si Pl* 

an I I ’ ll ii y* " 


ior © < i»|< t * 
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Morma^mr d » 0 « 0* Therefore Is 

maximise toy taJtiaf P| as sutail m possible* Bub siiwm 

*^J+1 ^ ^ ib follow that B ^ ^ ♦ 

J ^ ^ $ 

1 ^ > i«s tnd 


i|^(s} «» ln(l«(»s) • la » * 

_ * *(i*g) la(|*«) «» s l^a g 

“ 1 • s 


Coasider the fuactloa f(s> «» la{i«^s) • s la s* 

tlMm <*(«)« 1 4' la (l*s) "l^^la s « 0 Incites thea the niaximtaa 
velae of fCs) is attaiaed et s » 1/1 sad the aexisMi wd-as is 
* 1/2 la 1/2 * 1/2 la 1/2 w 1/2 la 2 4 1/2 la a « la 2 * 
Therefore# 




r** ( l 4 j 


Sabstitatiao the irelae la <1S> oad (la) aad aotiaff that HU) le 
botiaded beloir by O ee fet# 


H**U) 4 + x»««r.i) 


ead 


lei 


0 4 «(*) 4 C f ;5 4laC<i*l) ) ***U$> 


ISteiaider Ihai 




%<»> - I »l SrST ^ ‘ W 37 ’ • 



hm In^ it « <1 ."Creasing function in th« opmi intnrval Co#l}# 






tinnm utixi^ (11 ) wm get 




« « * 


so 


\ y § « \ « 


!»•( 


*( id. 


® ffr aT t ^ ^vTTT^'^ ^ (gH^ ) S 11?^ ^ , . 

j 1 W¥J OTa, - '* 4 t „-M.,,j 


or Qi C (<|-4) j 


lll*<- * 


i,9j^l«:> (<|*1>9 Ct) (g**l) O iz) 


•> , 


t 4 * 

(g^l ) S . - j.il>—. (in<"- r"""’— * ») •* latijH*.)) # 
i lf*(*) 11^®) 


(»j ) X II .fid.! } iii*(.|.i )* 3(<i-t ) la(9>t in* 

t o*(«) u*«») 


Let g£(s) 


^ta) e S »f ..„ ii »^— iii*( --jd— .) * X%Mii ttting (1-^) w Here 


»^(a> 


i * ir*(*) 


treing (f ) mm fete a • s 

3 


St 

iM P| • 


; ^ T !CI |\|P|iR 






7U5JJ 


' Let 
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I* 

J «2 



(17) 




fi4 

.....iMW.- 

i_« 1*»®I 





J «2 ^"iPi 



!I(HMNI 

dJ • (iwfi|) bJ • p| la^pi ♦ (1*%^ i®^(i-iti|) •• a (l^)l»(i-i^) i^(i 

Widmg (14) w* 9«te# 

uf-Cl-iPj^ Jnj < ltt*p| ♦ (1-^) i»*(i-i^) - a(i**»^t la(i*ip|) 

Sine* s^ and ^ tiav# M smm tam* ti«va a mtmm vgipmt 

%riiia9i aatisfiaa 

a«% aim la*p# l»*(ll^) awi * ll^LMIaal ns^ a^oootoeiea) 

diwizwialjm l^«Mrli®ii» ®i p# it folloi^s that 0* i* iwwiiwitai hy 


ltt(l‘‘*Pi . 


Pi 


la a 

JJJP* 


taking pj_ a« snail a» possible. Setting pi «» gtiraa 


1»^* • ^jn 2 

m ^ ^ i-a (i«»r 

snbatituti)^ tha abov* iralns in ii€ ) m hmm 

% 

^ Cq-1) i Im^tl**) t I ’f la** ♦ ,, „lli, ii (IS , ^ i i In 2 1 

+ (v-i) i»*(^ri) ♦ . 

siib«titi»tlng til® irnln® of S^C*) la (8) w® got 
M'(*>»la(V*> ^ Un*Cl**) ♦ la** • ' ;f ' ^ 

^1*0 fxoift (8) 9sbA CIS) wo 

t H*C») * laCl/») CIS) 

i 

igaatioa* C18) «a8 Clf) gtoo «^pp®r aa8 low®* toossi* m Il'Ca)* 

Ob pattlag » *• l/g la Cl®) Clf) #■ w® got 

^ ^Cein 2 » |g-4 ) IbCcfrt l)!. ^ ^^Edi i la* 

^ fo lat ^ c< 9 K) ui*c«? 4) ♦ Ii^|tllf . l3i l. J »#* cao) 

Cg^l )* 

tmm vtitfy} la boiiaaoa* 



The n#xt theorem gives an estimat® on the sis® of u for 
which r(u^ attains any given value near 1* 


' 1 s if r(u^ • 1 • 






# ♦ ft 


{21 i 


an*'* Ir srua'tl then 
6 


!•> 


,1 f Ing * ^ e ^•*•1. 

U * Alf 


t % » I ^ t \ 5/1 

^4C>(e*In 

inq’* 


Proofi# ".o havi* sgeu ecrlier that if » TJil, a* then 


, i i 

« nir ^ 1^1 St lull ( 2 / ^ 0j|^ % j ^ ** lnt^{ 8 2 


;i Vi ding tooth sides by lnCJ(«i wn have 


I!( % i 

.1 .' '\r.j 


{sy®in*_ « (in In 

(In In % / 


'.'v 'i / lii - (■ 


# # # 


(22^ 


1 

l#®t /£ foe defined by the oc^uaUlon (4i* Sine® the ehaif 


rule for tii® derivativee and t e moan value th'.ar'.”.' guaraat®® th« 


existence of a y# * ^ y ^ X such that 


In In tl(xr^ - In In (l/Oi*^ . ^ . IllXt 


.-1 


In In X •• In In q 


In iJiyi 


* » # 


(23) 


From equations {**) and (21 J 
In In • In In q «• In 


e 


Inq 


fl 


«, In xk%l * ln(l' 

In q 



90 th?t * i-JCJCORiea 


Inq" 


t' i # ( ^ 


rt( 

A - i . 


'i •• Xii •Xu Xn 


• ( 


u 




In 


o»i' 


A W 


# # • 


(24 ) 


■ix«fi {« i anf) ( 2 X^ we get 


i ® ■/'! 


k 


1 ^ -L ^ 4 i J 




2 q* 


i t 1 ♦ 4" 2'^jj ’I* Q(G^ } 3 •'* 1 

{J(a/ • -■ I , *•*( 2 *,^ 

1 •. i i 1 + — ^ 1 

g *• * q ^ v^e / i 


- -^(1 ♦ 4 - Qie^jj ***( 2 « 5 ) 

C|«*l ^ 'i. i ^ 

and henoe 

lnu(xi • In ^r- <• ^ 


IfiSi^ . i * JLia2£ 4- 0 ( — %-i . 

C';nbiniri '7 tlii« with (24} giwe# 



SsizXlL 


e- 


In 


£,iiX,l — 

In In ll(f J 


♦ 0 < (^ i 


4 - 


H(V> 

i 1 1 •* V Jl 


o(e®) 


♦ * # C 26 J 



-*6 


inea y 


y (2^ # hav® 


o 


iUf ^ ^ u( 


q' 


4 0( • 


C(" 


111 


^••4 


•TOfT^ <-■ 


U*^ i W i h«iv©f rfCy,? » 0(1 i wo 


, 3t-^J . 

ci«*i 


41 * «i* ir - 4 0(— • In ""■-■‘"f i 


« « • ( 27 ) 


line® ^ < y ^ # uci/q^^ U(y-<^ U(. >, C2«y md (27) fiw 

^ (X 4. o( In 


*nlttnq In both w« Q®t 


ln'J{y> • In ^ -t ^ 

** In '^“j(l40( q!^' ) ^ 




(28) 


q-JL q* 

Hone® from ©qwtion (20) w« hay«# that H(a) i« aif£®r«ntl»hl« at 

* » l/v i*P^: ®nd uo 

*4{fi m H(l/q) 4 




; tMs with (28) and ^28) giy«« 


Xn(.. i i ll - g; i 
in ^ 


e ^ ^ 4^ Qi&^ i 

inq^ 2(q*l)qln l-f ■ ^ 



U 'f 



-iCl/**/ i 3 a of. n* i««t !U2/a/ * h(u/ • fhen 



or r* n- li 1 a _ rA.-a ‘ 'Isy 

u « Vl-n * ^ ( I I - •! 


wh«r« r(ii^ • l»^/ln * ana ^ Is wisll* This result was proved 
cy -■: .'i'’-.r' i. 2 ]* In the lollowlng th-iorcra we will detemdae 
the values of u for which r^ui and s(ui are e<|aal* 


:r«, 5 2 » ior e given vt, 0<u<l/g, there exist -aur.berc t end 
w such that t jg. u ^ w and stu^ » rU/ « r(w* where functions 
sCiti and rCurf are aefflned by (1/ In cHf'^tnr 3 and ^ in the pres 


chapter ' ctlvoly. 

f>roo£ • i#et o ^ u < 1/q • and so u can to® Identl 

i«l 

with the i^eriierice U w • if is les# than or ^jual to 

all its proper suffixes» we tate t » w * u* since S is .greater tl 

all Ita pro-mr «ta> » loo » "haro 9 » max | I 

li-v(a) •T7' ^i** ^1*^ ^ ^ • 

Jr* ** 


it is known that the convex reciprocal root of greatest laagnitu 

la real and poaitlv*. Mo« r(u^ « -log X - log | whare x la th. 

uni<-|ue positive real root of the c-:ar.tior.. I^VCb/ • 0, Since ^ « 
the result follows* If If i® not less than or equal to all it# 
proper suffixes# let i hm the leaet integer for which th-re exi 



j th,\t for ^ J # bat 


•-OTi"-i '.'r the .wl 




t m 


i-l 

\ml 


'k 

^ * 


aiij? the .,n*ilytlc ' j'.r.tl -/v. 


i‘Cs# » rCrw I 


l4l 


ard 


l»*x 


«*et t » 'k'\.X./q^ m • lj|^ ilj « # • ^l»l ^ i and 

W * <(l/rti * ^^1^2 # • •» • 


hot® that th© e:-,,? -, ot both t and w ar® -'cc*o ’ir # 'lh« 

of t ©nds In an Infinit® *:;o;|aey;ee of (q»l/s , i^ll« w 
is •?•' -i with ooriod i* claarlu ^ ^ a 6 £ino« 

t and w <ir« both loi^s than or «qaal to all their proper na •"fixes 
and ©Coi It ; i'x ;5 to ‘l,ly ineroasluf :'xnatioxi, 

rtti » »Cti 6 ^ • r(w/, 

■f and (»’’/ i* tho real porttlire root of the eqaation 

1 / ^ ^ rt»l 1 oa**l 

fC»# 4 tllj|-l^a^ ♦ w 

and ip tho r®al poaltiv# root of the eqaation 



■ Inca i2'U has uninu# -ao'dtlv® mal root, 
ri%4 * rCw»* Chic ■ ' .;... \nm proof. 


H,b» 


i if sCtt. 


la-1 


a 


an-:"* € Is 3;aall than 


aa^ 

H ( 


i 4- 


V 

vv-i C| 0»1 


1, <6 


Inq 


<-T-i 




Inq 


M 


* Oi ^ in i ) 
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